GPS Solutions (2018) 22:30
https://doi.org/10.1007/s10291-017-0695-5

ORIGINAL ARTICLE

@ CrossMark

Theoretical analysis of unambiguous 2-D tracking loop performance
for band-limited BOC signals

Yang Gao' - Zheng Yao'® - Mingquan Lu'

Received: 16 August 2017 / Accepted: 26 December 2017
© Springer-Verlag GmbH Germany, part of Springer Nature 2018

Abstract

Code-tracking accuracy, an important attribute of receiver performance assessment, depends both on characteristics of
the ranging signal being tracked and on the structure of the tracking channel. The implementation of binary offset car-
rier (BOC) modulated signals and the development of new tracking channel structures with a two-dimensional (2-D) loop
architecture, in which both the code and subcarrier delays are estimated independently by two separate tracking loops, have
resulted in the theories of 2-D loop tracking performance being of increased interest. However, the theories of tracking per-
formance in white noise for band-limited BOC signals using the most representative and most mature 2-D tracking method
are still not mature. Therefore, we present the exact expression for tracking performance prediction for limited front-end
bandwidths to show how well double estimator technique (DET) could perform for given conditions. While evaluation of the
exact expression requires numerical integration, a simple yet accurate closed-form analytical approximation is also provided
for a more intuitive description of tracking performance. Moreover, we present a bandwidth-dependent, quasi-optimal, dis-
criminator parameter selection rule to simplify the work of receiver designers while improving tracking performance. These
results can provide further guidance for the design, parameters selection, and optimization of the receiver.

Keywords Binary offset carrier - Unambiguous tracking - Tracking accuracy - Two-dimensional - Double estimator - Quasi-

optimal parameters selection

Introduction

With better spectrum separation and wider root-mean-square
(RMS) bandwidth than legacy signals (Betz 2001), binary
offset carrier (BOC) modulated signals (Betz 1999), which
adopt a subcarrier to move the main spectrum component
away from the carrier frequency, are widely adopted as new
ranging signals in the new-generation global navigation
satellite systems (GNSS) (Rebeyrol et al. 2007). However,
BOC modulation introduces an ambiguity threat into the
code-tracking process (Mongredien et al. 2011) due to its
multi-peak auto-correlation function (ACF). Side peak lock
may occur creating a bias in pseudorange measurements. In
order to solve the ambiguity problem, new tracking channel
structure with a two-dimensional (2-D) loop architecture
in which both the code and subcarrier delays are estimated
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independently by two separate tracking loops, have been
proposed in recent years. Representative existing methods
include the double estimator technique (DET) (Hodgart et al.
2007; Hodgart and Simons 2012) and the double phase esti-
mator (DPE) (Borio 2014a, b). 2-D tracking techniques are
more general and have better performance as confirmed by
several parties (Anantharamu et al. 2009; Julien et al. 2010;
Ruegamer et al. 2011) compared to the one-dimensional
(1-D) unambiguous tracking technique for BOC signals in
which only one tracking loop is used to track the variation
of the delay of the code replica and subcarrier replica (Fine
and Wilson 1999; Kao and Juang 2012; Yao et al. 2010).
Moreover, 1-D tracking can be regarded as a special case
of 2-D tracking as the code delay and subcarrier delay are
forced to be the same.

Although 2-D unambiguous tracking techniques for BOC
signals have become of increasing interest in recent years,
the theories of their tracking performance predictions are
still not mature unlike the established theory for predict-
ing the code-tracking accuracy for conventional binary
phase shift keying (BPSK) modulated signals (Betz and
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Kolodziejski 2000, 2009a, b). On the one hand, existing
performance analysis methods (Borio 2014b; Hodgart et al.
2007) do not account for the effects of band limiting at the
receiver front-end. On the other hand, the traditional code-
tracking theory cannot be directly applied to these cases due
to the coupling relation between dimensions which cannot
be ignored (Hodgart and Simons 2012; Yao et al. 2017).
Therefore, existing performance analysis methods cannot
accurately reflect the actual performance of the receiver and
may even mislead the receiver designer. Accordingly, we
focus on the 2-D tracking performance analysis of band-
limited BOC signals in consideration of the coupling relation
between dimensions and take the most representative 2-D
tracking technique DET as an example to show our analysis
because it is the most mature technique and has the greatest
number of degrees of freedom. The results presented herein
are of reference value to other 2-D tracking methods that are
related to or are evolved from DET.

First, the exact expression for tracking performance pre-
diction in white noise under a limited front-end bandwidth
is presented using DET for unambiguous processing of BOC
signals. This analysis will describe how well DET could
perform for given conditions thus providing further guidance
for receiver designs.

Second, while the exact expression is accurate for track-
ing performance prediction, it is complicated, it does not
provide much intuitive insight, and it requires numerical
integration in its evaluation. We also present a simpler, yet
still accurate, closed-form analytical approximation, derived
from the exact expression. This simplified expression can
significantly reduce the computational cost of theoretical
tracking performance prediction and can also more clearly
and intuitively reveal the influence of key parameters on
DET tracking accuracy required for receiver design, such
as front-end bandwidth and early—late discriminator spac-
ing. Both the exact expression and the closed-form analyti-
cal approximation can help provide guidance for receiver
designers.

Third, based on the exact expression and the closed-form
approximation, we present a simple yet useful quasi-optimal
discriminator parameter selection rule for a given band-
width using DET in the sense of minimum tracking jitter.
The numerical results presented verify the correctness and
general applicability of the selection rule. This conclusion
can provide strong guidance for the selection and optimiza-
tion of the receiver key parameters, thus greatly simplifying
the designers’ work while improving tracking performance.

We first formalize the BOC signal model and DET struc-
ture. Then we present the exact theoretical prediction of DET
tracking accuracy in band-limited white noise and derive its
closed-form analytical approximation. This section also pro-
vides the quasi-optimal strategy of DET parameters select-
ing. A set of numerical results is then provided in a special
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section to explore the effects of various key parameters on
tracking performance and compare the different expressions
and approximations. Finally, conclusions are discussed. The
appendix outlines essential steps in deriving the expressions.

Signal and system models

This section formulates a BOC signal model and DET struc-
ture. It assumes that the received signal is unaffected by
multipath. Therefore, a radio frequency (RF) BOC signal at
the antenna of the receiver can be modeled as

r(t) = V2Cd(t = 7)g,(t = Dbgoc(t — T) cosQrfygt + @) + n(t)

ey
where C is signal power, d(¢) is the navigation message, g.()
is the bipolar spreading code signal whose value takes + 1
with spreading code rate f,, 7 is the signal propagation delay,
frr 1s the RF frequency with the Doppler, ¢ is the phase
of the carrier, n(t) is zero-mean Gaussian white noise with
power spectrum density (PSD) Ny, bgoc (1) £ sgn[sin(2xf, 1))
is a sine-phased square wave subcarrier with subcarrier fre-
quency f;., where sgn(x) is the sign function which takes the
value of 1 for x > 0 and —1 for x < 0. We define 7, = 1/f,
and T, =1 / (2fse) as the code chip period and subcarrier
chip period, respectively, where the latter corresponds to
half the wavelength of the subcarrier.

Using the terminology from (Betz 1999), a sine-phased
BOC signal can be denoted as BOCy,,(p, ), where p is the
ratio of f. to GNSS baseline frequency f, = 1.023 MHz,
and g presents the ratio of f, to f;,. Note that a cosine-phased
BOC signal in which the derivation process and conclusions
are similar to the sine-phased BOC case can also be adopted.
Therefore, we mainly discuss the sine-phased BOC signals.

The signal (1) is first amplified at the front-end of the
receiver and subjected to band-limited filtering, which is
then fed into a loop of the DET structure, as shown in Fig. 1.
It is assumed that the carrier is ideally removed. Unlike a
conventional 1-D code-tracking loop, the code delay .. and
the subcarrier delay 7, are estimated by two separate tracking
loops, respectively. Receivers generate three local code com-
ponents which are early (E) replica g.(t — 7, + A./2), prompt
(P) replica g (t — 7,) and late (L) replica g.(t — 7, — A,./2),
and three local subcarrier components which are E replica
bgoc(t — 7, + A, /2), P replica by (f — 7,) and L replica
bgoc(t— 7, — A, /2). A, and A, are the spacing between E
and L replicas for the code discriminator and the subcarrier
discriminator, respectively, and they are assumed to be in the
rangesO0 < A, <T.and 0 < A; < T.

The product of the local code and subcarrier is subjected
to the coherent integration of length 7" with the received
signal and T > T, resulting in a 2-D cross-correlation func-
tion (CCF) which is a bivariate function of 7, and z,. For P
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Fig. 1 Structure of double estimator technique

Fig.2 Band-limiting two-dimensional ACF of BOC
where f, = 3f,

(2,1) signal,

sin

replica, the 2-D CCF in normalized units of amplitude \/E
can be written as

T . .
where e = [ec, es] , e, and e, are code dimension and sub-
carrier dimension discriminator output, respectively, and
are used to control feedback loops to continuously track the

delays. T = [z.,7,]", 8(0) = [6.(z,. 7,). 8,(z. 7,)] > 8, and &
are S-curves of code dimension and subcarrier dimension,
respectively, and are denoted as

8,1, 7)) = x(T0 7y — A /2) = x (70,7, + A,/2) @

{ 6.(t,,7,) = )((TC —-A/2, Ts) - )((TC +A,./2, Ts>
Further, €, and ¢, are code and subcarrier discrimination
noise, respectively, where € = [ec, es]T, whose covariance
matrix is N.

Since T, < T,, it is not difficult to prove that when the
two discriminator outputs of (3) are close to zero, the code
loop can provide an unambiguous but noisier delay estimator
7. =~ 7, and the subcarrier loop can provide a high-accuracy
but ambiguous delay estimator 7, & t + NT,, where N is an
arbitrary integer. Furthermore, an unambiguous and high-
accuracy final delay estimator can be obtained by the fol-
lowing formula

t 8 = NT, ©)
where N = round|(#, — %,) /T, is the estimator of N.

Theoretical tracking performance prediction

This section takes full account of the effects of band-limiting
and the coupling relation between dimensions, which are
ignored by previous studies (Borio 2014b; Hodgart et al.
2007), and describes the DET tracking performance. The

T
2(t,7) = % / [8:(t = Dbpoc(t = T) = h(t)] - g.(t = T)bpoc(t — 7,)dt )
0

where * indicates convolution, and A(?) is the unit impulse
response of the ideal low-pass filter with one-sided band-
width f,. For conciseness and without loss of generality, we
always assume that 7 = 0.

Figure 2 shows the band-limiting 2-D ACF of a
BOC;,(2,1) signal, where f,= 3f,, which is just large
enough to contain two main lobes of the BOC (2,1) sig-
nal spectrum. It can be seen from the figure that y(z,, 7,)
roughly presents a triangular peak in the code dimension
and presents a triangular wave with a period 7 in the sub-
carrier dimension. Therefore, the tracking error from code
dimension and from subcarrier dimension can be open-loop
estimated with the early—late discriminator

e=0(1)+e ?3)

exact expression for tracking performance prediction, the
simpler closed-form analytical approximation, and quasi-
optimal discriminator parameters selection rule are all pre-
sented. As will be shown later in our discussion, ignoring the
coupling relation between dimensions may mislead tracking
performance analysis.

Exact expression for tracking accuracy

Linearizing (3) around t = [0, 0]" yields

exKt+e (6)
where
K = 08(1)/ atlr:[O,O]T @)
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is denoted as the slope matrix, whose elements
05,(z.. 7y) / drj| fori, j € {c, s}are discriminator slopes
7.=1,=0

which reflect the sensitivity of the discriminator to errors.

The covariance matrix of the open-loop estimations of t
in normalized units of subcarrier chip periods squared can
then be obtained by

1 1 e 9es | _ -1 -1\"
T_EQ =7 [qsc . ] = (T,K) N((TSK) ) 8)

If the final delay estimator is calculated through (5), the
open-loop delay estimation accuracy is only dependent on
the estimation accuracy of 7, with variance g,.

Expanding the matrix operation on the right side of (8),
using the relationship between open-loop accuracy and
closed-loop accuracy given in (Betz and Kolodziejski 2009a;
Yao et al. 2017), we can obtain the closed-loop delay estima-
tion variance of DET in normalized units of subcarrier chip
periods squared, which is

<O-T >2 —_ BL(I - OSBLT) (Kszcné‘é‘ + Kgcnss - 2KSCchncs)
C/N, (

T,
s KeeKss = KesKye )

©)
where B; is the one-sided equivalent loop bandwidth,
KU=7}-0&(nwa)/0g|_ _yandny; = 2TN; E{e;e; } for

i,j € {c,s}
Yao et al. (2017) gives the exact expression of the nor-
malized 2-D ACF (2) of band-limiting BOC signals

B,
/‘t/(Tc’ Ts) =/ ﬂ(f){COS (Zﬂf[A(Tc - Ts) - TC])

sen(A(r, — 1)) | .
G [sin (2zf[A(z. — 7)) — 7.])

+ sin (277, )] }df

(10)
where #(f) 2 Tcsincz(n'fTC) tan?(zfT,) is the PSD of BOC
signal, sinc(x) = sin (x)/x, and A(H) £ ¢ — |¢/(2T,) + 1/2]
is the sawtooth wave of the period 27,. When the
early—late code discriminator spacing A, is close to inte-
gral multiples of T, in which A, / 2 can be decomposed into
A )2~k 2T, +k - T, +ky-T,/2 where k, €N and k,
and k, can only take O or 1, then A(¢) and sgn(A(r)) in (10)
can be largely simplified. Under this condition, substituting
(10) into (4), then using (7), after algebraic simplification,
one can obtain

b,
Kee = — / V(f)df

s,
. /ﬂ,. v(f)cos (n'f(AS -T,))
R ) cos(#fTy)

)

df
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where () & 4”Tsf’7(f)/ tan (”fTs) It can be seen from (11)
that k. and k are not related to A .. However, k. and k, are

related to A.. When A_ is close to an odd multiple of T, i.e.,
ko = 1, one can obtain

5
K, = (—1)"'1/ v(f) cos (nfA,)df
-5

] b cos(nfA,)
=(=1 1\1+1/ —Cd
K = (=1 L v(f) cos (o/T") If

12)

Further, when A, is close to an even multiple of 7, i.e.,
ky = 0, one can obtain
K.~ 0
13)

B
K. = (=1 / v(f) tan (zfT,) sin(zf A, )df
_ﬁr

The entries of the normalized covariance matrix are

Br
N = / aw(f)sin® (zfA./2)df
—ﬁr

Br
S
—b,

Br
Ny = / ) W(P)[~1 +cos (afA,) +sin (xfA, ) tan (zT,) ] df

4sin’ (nfA,/2) sin (zfA,/2) sin [zf (A, — 2T}) /2] d
cos (xfT,) 4

(14
where w(f) = 4Tcsincz(ﬂfT »).

It is worth noting that the non-diagonal elements «,, and
k., of the normalized slope matrix are both nonzero, which
implies that the tracking errors of the subcarrier dimension
and code dimension do have an influence on each other’s dis-
criminator output. Therefore, the coupling relation between
dimensions cannot be ignored. Otherwise, some important
phenomenon cannot be observed. The most typical phenom-
enon, neglected in previous studies is that the selection of A
significantly affects the final ranging accuracy. Contrasting
(12) with (13), it can be noted that k. & 0 when A_ is close
to an even multiple of 7. This means the code discriminator
in this situation will be very insensitive to the delay variation,
resulting in a greater code-tracking jitter than that when A is
close to an odd multiple of . Further, greater code-tracking
jitter affects the subcarrier loop tracking accuracy due to the
coupling relation between dimensions, resulting in a worse
final ranging accuracy. Therefore, the tracking accuracy with
A_ being confined to even multiples of 7' is generally worse
than that with A  confined to odd multiples of 7.

In order to verify this fact, considering BOCy;,(2,1) sig-
nal as an example, Fig. 3 shows the theoretical prediction
results of tracking performance using (9) under different
A,, where the one-sided front-end bandwidth is g, = 3f,,
the loop bandwidth is B; = 1 Hz, the coherent integration
time is T = 1 ms, and the subcarrier early—late spacing is
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Fig.3 Tracking jitters of DET with different code early—late spacing
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A, = 0.5T;. It can be easily seen from the figure that the
selection of A, does have a significant effect on the final
ranging performance and A, should be chosen as close as
possible to an odd multiple of 7| to achieve better tracking
performance. In contrast, the infinite bandwidth approxima-
tion curve in the literature (Borio 2014b) is also given in the
figure, denoted as DET Approx. However, it cannot reflect
the influence of A, on tracking accuracy due to ignoring the
effect of coupling relation between dimensions.

In addition to the code early—late spacing A_, it can be
seen from (11) to (14) that there are other important receiver
parameters which can influence the ranging performance,
such as early—late subcarrier discriminator spacing A, and
front-end bandwidth g,. With the help of the exact expres-
sion (9), receiver designers can analysis the DET tracking
performance under different conditions by using numerical
integration. Some specific numerical results will be given
in the next section.

Approximate expression for tracking accuracy

As mentioned previously, although the exact expression (9)
can accurately describe the DET tracking performance, it is
complicated, it does not provide much intuitive insight, and
it requires numerical integrations in its evaluation. There-
fore, it is not convenient to use the exact expression for
analysis of the influence of receiver key parameters, such as
front-end bandwidth and early—late discriminator spacing,
on the tracking performance. In view of this, we present a
simpler yet still accurate closed-form analytical approxima-
tion, derived from the exact expression, which can provide
intuitive guidance to the receiver designer.

It can be seen from the previous analysis, A, should
be chosen as close as possible to an odd multiple of T to
achieve better tracking performance. Furthermore, Fig. 3
shows that when A takes on different odd multiples of T,
the final tracking accuracy changes little. Therefore, the
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Fig.4 Definition of normalized one-sided front-end bandwidth b and
normalized early—late subcarrier discriminator spacing D. (Top) PSD
of BOC,(2,1) signal and two different values of b. (Bottom) Profile
of 2-D ACF in 7, dimension with 7, = 0 and two different values of D

following analysis takes A. = 17 as an example to analyze
the influence of other receiver key parameters on the track-
ing performance. It should be noted that analysis methods
and conclusions proposed below are similar when A is set
to another odd multiple of 7.

For conciseness, we define the normalized one-sided
front-end bandwidth as b £ ﬁ,/fc, and the normalized
two-sided early—late subcarrier discriminator spacing as
D £ A /T,. The top and bottom panels in Fig. 4 illustrate
the definition of b and D, respectively.

It can be verified by numerical calculation of (11) and
(12) that k. = —k. is always applicable no matter when A_
takes any odd multiple of 7. Based on this fact, the exact
expression (9) can be approximated as

2
<“r> o B0 Z05BT) (15)
C/N,

where Y and I are defined as

2 2
KSC+KCL_ K. .K

scTee

Yy & (16)

3 (chKss - Kcs’(sc)2

I £n, +ng,+2n, 17)
where Y and I" are independently determined by the slope
matrix and the noise covariance matrix, respectively.

Considering the BOC;,(ak, k) signal, assume the nor-
malized one-sided front-end bandwidth b is wide enough to
contain two main lobes of the BOC, (ak, k) signal spectrum,
i.e., b > a+1. Using the approximate relationship
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zwsgn(x)/ 2 |x| >3x/2
Si(x) » P (x) =3 —0.28cos(x) + 7/2 n/2 < |x| <37/2
x x| <x/2
(18)
and
N | xsgn(x)z/2 x| > =
Fe » &) = { cos (x) +x - Siw) |x| <« (19)

where Si(x) 2 /0 sinc(#)dt is the sine integral function and
F(x) £ cos (x) + x - Si(x) is the integral of Si(x), Eq. (15) is
approximately simplified as

(

B.(1-0.5B,T)

e (zm) (2]

[fe-2pe

Figure 6 shows a schematic representation of these four
different regions in the D — b plane given by closed-form
analytical approximation. It should be noted that the front-
end bandwidth, which is the horizontal axis in this figure,
is normalized in units in order to adapt all the BOC (ak, k)
signals.

The region defined by bD > 3a is referred to as spac-
ing dominant, since the predicted tracking error depends
primarily on the subcarrier early—late spacing but not the
front-end bandwidth. The region defined by bD < a and
b > 3a is referred to as bandwidth dominant since the sub-
carrier early—late spacing is restricted to a limited range

bD > 3a

i] b>3a.a <bD <3a

o\ 2 B,(1-05B,T) ax
<?T> ~ C/N, 2(4a—1)(—0.28cos(%n)+§) (20)
s 2
B(1-0.5B,T) o 22e=D 2, 1
D () |2 ep? + b>3a,bD < a
B (1-0.5B,T) = RiAR:—RiRpe
L C/NO 3 (KLLK.)J_~LJEAL)2 g a + 1 S b < 3a
where
1 (b
Fon 251(—7:)
“arm 2a
2D

Kes = Koo ™ _E(Sl<§j{> - %)
+

R~ [(4(1 _ l)Sl(g—D ) (11— 4a)Si<b(D2—;2)7t> — (4o — 3)Si<wﬂ> _ 5]

2a 2

and

¢= { Ba+2) — (da =222 ¢ 4a - Nl 22
a a

+B8a— 4)c1>(bD )+8q><b(12;D)n>—8acb<@n>}

(22)

The function waveforms of Si(x) and its approximation
are plotted in Fig. 5 via (18). Specific approximation and
simplification processes are provided in Appendix.

It can be seen from (20) that the closed-form analytical
approximation with code early—late spacing A confined to
odd multiples of subcarrier chip period T}, is divided into
four different sections due to the relative position of b and D
in the D — b plane, which means there are four regions that
need to be considered separately in the receiver parameter
space. These regions are defined in terms of » and D, which
constitute the receiver parameter space. Once the front-end
bandwidth b and subcarrier early—late spacing D are given,
a closed-form analytical approximation (20) can be used to
predict the tracking performance of BOC; (ak, k) signal.

sin

@ Springer

and the predicted tracking error is mainly determined by
the front-end bandwidth. The condition @ < bD < 3 and
b > 3a indicates a transition region between the two distinct
dominant cases. The region defined by b < 3« is referred to
as the complicated region, since the predicted tracking error
is complicated due to the combined effects of band-limiting
and coupling relation between dimensions.

2
150 7/ 1 oo s
[0) I ! !
EREI NI
g o
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05 [ b i i — Si(x)
[ — = ¥(x)
0 [
T n o 10 15 20

Fig.5 Function waveforms of Si(x) and its approximation ¥ (x)
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Unlike the exact expression (9), the closed-form ana-
lytical approximation (20) does not require numerical
integration, which not only can significantly reduce the
computational cost of theoretical tracking performance
prediction, but also can more clearly and intuitively reveal
the influence of key parameters of receiver, such as front-
end bandwidth g, and early—late subcarrier discrimina-
tor spacing A, on DET tracking accuracy. Therefore, the
closed-form analytical approximation can provide intuitive
guidance for the selection and optimization of receiver
parameters.

Quasi-optimal parameter selection

For receiver designers, there are two aspects of significant
concern. One is how to predict the tracking error under given
conditions; the other is how to choose the optimal discrimina-
tor spacing for a given bandwidth to minimize the tracking
error. The former can be solved by the exact expression (9)
and the closed-form analytical approximation (20). The fol-
lowing analysis will focus on the latter, that is, the optimal
discriminator parameters selection rule for a given band-
width, which can be easily obtained by using the simplified
yet still accurate closed-form analytical approximation (20).

When b > 3a, it can be seen from (20) for a given band-
width b that as D gradually decreases, the relative position
of b and D in the D — b plane successively corresponds
to the location of the spacing-dominant, transition, and
bandwidth-dominant regions as shown in Fig. 6. When D
is large, which corresponds to the spacing-dominant region
in the D — b plane, the predicted tracking error decreases
linearly with decreasing D. When D is medium, which cor-
responds to the transition region in the D — b plane, it can
be seen from (15) and (20) that the effect of Y on final
predicted tracking error is square, while the effect of I”
on final predicted tracking error is approximately linear.
Therefore, Y', where the only variable is cos (zbD/ (2a)),
has a major impact on the final tracking error. Considering

Spacing-Dominant

i .

Fig.6 Region boundaries of closed-form analytical approximation

the boundary of the transition region a < bD < 3a, (20)
and Fig. 5, it is not difficult to prove that as D decreases
in the transition region, the final predicted tracking error
decreases first and then increases. Moreover, the minimum
of predicted tracking error appears near bD = 2a. When D
is small, which corresponds to the bandwidth-dominant
region in the D — b plane, it can be clearly seen from (15)
and (20) that the final predicted tracking error monotoni-
cally increases as D decreases. Therefore, to sum up, when
b > 3a, the quasi-optimal subcarrier discriminator spacing
D should be set near 2a/b.

When b < 3a, the relative position of b and D in the D — b
plane corresponds to the location of the complicated region.
It can be seen from the numerical results shown in the follow-
ing section that, as D decreases in the complicated region for
a given bandwidth, the final predicted tracking error is almost
constant at first and then gradually increases when D is less
than 0.5. Therefore, when D is larger than 0.5 under a given
bandwidth in the complicated region, the predicted tracking
error is approximately at the minimum value for this band-
width. Considering that the larger early—late spacing could lead
to better dynamic adaptability for GNSS receivers (Kaplan
and Hegarty 2005), it should be preferred to choose larger
early—late spacing under the similar tracking performance.

Based on the above analysis, in order to ensure the sim-
plicity of the results and the unity of the form, the quasi-
optimal early—late subcarrier discriminator spacing D,
under given bandwidth should be set near

opt

b, [l b<2 .
oo =\ 2a/b b>2a (23)

where b is the normalized one-sided front-end bandwidth
and a is the BOC signal modulation order.

The red dotted line in Fig. 6 shows the location of this
conclusion in the D — b plane. Therefore, in order to achieve
quasi-global optimal tracking performance for a given band-
width using DET, the code early—late spacing should be set
near to odd multiples of the subcarrier chip period, and the
normalized subcarrier early—late spacing D should be set
near to D = 2a/b when b > 2a and D = 1 when b < 2a.

Although, for a given bandwidth, this quasi-optimal
discriminator parameter selection rule (23) is obtained by
using the closed-form analytical approximation (20) where
A.=1-T,, it should be noted that this rule can be directly
applied to other cases using the exact expression with A,
confined to any other odd multiples of 7, which will be
verified by the numerical results shown in the next section.
Therefore, this conclusion provides further guidance to the
selection and optimization of receiver parameters while
greatly simplifying the work of the receiver designers.

@ Springer
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Numerical results

This section compares numerical results that use the exact
expression (9), the closed-form analytical approximation (20),
and the infinite bandwidth approximation given in (Borio
2014b, Eq. 32). The results are calculated using a BOC;,(2,1)
signal, code early—late spacing of A.=1- T, the coherent
integration time of 7 = 0.001 s, and a one-sided equivalent
rectangular bandwidth of B; = 1Hz. Itis not difficult to verify
that the general conclusions derived from these numerical
results can be applied to other BOCg (ak, k) signals and are
applicable no matter if A_ is any other odd multiple of T,.

Three-dimensional comparison

The left panels (a)—(c) in Fig. 7 show the normalized track-
ing error predicted by the exact expression, the infinite band-
width approximation, and the closed-form analytical approx-
imation, respectively. The right panels (d) and (e) show the
absolute value of the normalized relative error between the
exact expression and the approximation expressions using
the infinite bandwidth approximation as well as the closed-
form analytical approximation, respectively. All these results

Fig.7 Predicted tracking error
evaluated at C / Ny, =35dB Hz
using a the exact expression, b
the infinite bandwidth approxi-
mation, and ¢ the closed-form
analytical approximation;
Absolute value of normalized
relative error between the exact
expression and d the infinite
bandwidth approximation, e the
closed-form analytical approxi-
mation

107

_3
60,10

50
40
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10

RMS Normalized Tracking Error

10
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(b) Infinite bandwidth Approx

(c) Closed-form Approx

are obtained over a range of normalized one-sided front-end
bandwidths b and early—late subcarrier discriminator spac-
ings D to provide an overall understanding of the influence
of these key receiver parameters on final tracking accuracy.

Compared with the left panels (a)-(c), it can be easily
seen in the right panels that some main characteristics of
the exact expression cannot be found in the infinite band-
width approximation while they are evident in the closed-
form approximation. First, there are four regions of receiver
parameter space, shown in Fig. 6, which need to be con-
sidered separately. Second, the predicted tracking error
increases rather than approaches zero for diminishing sub-
carrier spacing when D is less than D,,. This is the reason
why D, is chosen as the quasi-optimal early—late subcar-
rier discriminator spacing. These complicated yet interesting
characteristics, shown for the first time, reflect the unique
feature of 2-D tracking and need to be adequately consid-
ered by the receiver designers to optimize the performance.
Of course, in order to allow the closed-form approximation
to remain simple while preserving the main characteristics,
some concessions are made, such as the oscillatory charac-
teristic of the spacing-dominant region enclosed by the red
dotted line in panel (a). This concession is a small price to
pay for increased computational efficiency.

(a) Exact Expression

(d) Infinite bandwidth Approx

(e) Closed-form Approx

Normalized Relative Error (%)
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Fig.8 Predicted tracking error for normalized front-end bandwidth of
12and C / N, of (top) 35 dB Hz and (bottom) 20 dB Hz

Compared with the right panels (d) and (e), it can be con-
firmed that the closed-form approximation performs better
than the infinite bandwidth approximation with respect to
the exact expression. Although the relative error of the area
enclosed by the red dotted line in panel (d) is small, it is
large in other regions especially for small b or for large D.
Meanwhile, the relative error is consistently small over the
entire range of parameters in panel (e), and in some regions
it is even < 10%. Even in the complicated region, the rela-
tive error does not exceed 26%. Therefore, the closed-form
approximation without numerical integration can be used
instead of the exact expression to quickly predict the track-
ing error.

Profile comparison

While the surfaces shown in Fig. 7 qualitatively indicate the
behavior of these expressions, more quantitative results are
obtained by considering slices of these surfaces.

Performance comparison of different C/N,

Figure 8 shows the predicted tracking error for a normalized
front-end bandwidth of » = 12 and different C/N,, one being
35 dB Hz in the top panel and another being 20 dB Hz in the
bottom panel. Contrasting the top and bottom panels, it can
be easily seen that the closed-form approximation always
tracks the exact expression very well under different values
of C/N,, while the infinite bandwidth approximation per-
forms well only in a high C/N, case. Additionally, both the
exact expression and the closed-form approximation show
that when D is less than D, the predicted tracking error
will increase for diminishing D, while the infinite band-
width approximation shows the tracking error approaches
zero under the same condition. Considering the infinite

-3
10 A9 ———
9 Complicated Region .~ J
5 — Exact Expression
g8 _|-- Inf. BW Approx
w 71 2" | Closed-form Approx
(=) .
=
|: 5 3: 1
gl 10"
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g Region i i Spacing-Dominant
6 pZ — Exact Expression
| - Inf. BW Approx
4 o= : —— Closed-form Approx
i |

0.1 0.2 0.3 04 05 0.6 0.7 0.8 09 1
D

Fig.9 Predicted tracking error for C / N, of 35 dB Hz and normalized
front-end bandwidth of (top) 3 and (bottom) 24

bandwidth approximation is only applicable in a high C/N,
case, the remaining results are evaluated at C/N, of 35 dB
Hz.

Performance comparison of different front-end bandwidth
b

The following analysis will select three representative cases
for performance comparison of different front-end band-
widths, which are b = 3, corresponding to a narrow band-
width, b = 12, corresponding to a moderate bandwidth, and
b = 24, corresponding to a wide bandwidth.

The results of b = 12 are shown in the top panel in Fig. 8.
Figure 9 shows the predicted tracking error of b = 3 in the
top panel and b = 24 in the bottom panel. Comparing these
three panels, both the exact expression and the closed-form
approximation show that when D is close to D, there will
be a reversal in the predicted tracking error for diminish-
ing D while the infinite bandwidth approximation shows the
tracking error decreases monotonically to zero. In addition,
it can be easily seen that the closed-form approximation
always matches the exact expression very well for differ-
ent bandwidths while the infinite bandwidth approximation
performs well only in the high bandwidth case. More impor-
tantly, the top panel in Fig. 9 shows the tracking error pre-
dicted by the exact expression, and the closed-form approxi-
mation with a narrow bandwidth is almost constant at first
and then gradually increases for diminishing D, while the
infinite bandwidth approximation shows the tracking error
decreases monotonically to zero. This phenomenon implies
that the coupling relation between dimensions and the effects
of band-limiting are so important that they cannot be ignored
especially when the bandwidth is narrow.

@ Springer
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Fig. 10 Predicted tracking error for C / N, of 35 dB Hz and normal-
ized subcarrier discriminator spacing of (top) 1, (middle) 0.5, and
(bottom) 0.1

Performance comparison of different early-late spacing D

The following analysis will select three representative cases
for performance comparison of different early—late spacing,
which are D = 1, corresponding to a wide spacing, D = 0.5,
corresponding to a moderate spacing, and D = 0.1, corre-
sponding to a narrow spacing.

The top, middle, and bottom panels in Fig. 10 show the
predicted tracking error of D=1, D=0.5 and D =0.1,
respectively. Comparing these three panels, the following
characteristics can be seen. First, both the exact expression
and the closed-form approximation show that the front-end
bandwidth does have an influence on the final tracking error,
while the infinite bandwidth approximation shows the track-
ing error has no dependence on the front-end bandwidth.
Second, it can be easily seen that the closed-form approxi-
mation always tracks the exact expression very well under
different early—late spacing, while the infinite bandwidth
approximation overestimates the error for wider spacing
and underestimates the error for narrow spacing. Third, it
can be seen from both the exact expression and the closed-
form approximation that increased bandwidth can lead to
significant improvements of tracking performance only in
the bandwidth-dominant region while it cannot do so in the
other regions. Fourth, when b < 3a, corresponding to the
complicated region, predicted tracking errors using the exact
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Fig. 11 Absolute value of the normalized relative error between
tracking error predicted with quasi-optimal discriminator param-
eter selection rule and tracking error minima predicted by the exact
expression for BOC;(ak, k) signal and A, = iT,,i = 1,3,7
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expression and the closed-form approximation become very
complex due to the effects of band-limiting and the coupling
relation between dimensions. This is why the parameter set
to b < 3a is called the complicated region.

Optimal receiver parameters selection

The oscillatory behavior of the exact expression for pre-
dicted tracking error can be observed in Figs. 7, 8, 9, and
10. It can be seen from these figures that the tracking perfor-
mance is very sensitive to the variations of bandwidths and
early—late spacing. Over relatively small ranges of front-end
bandwidths and early—late spacing, the RMS tracking error
oscillates over a peak-to-peak range of about 25 percent.
Therefore, choosing an appropriately matched bandwidth
and spacing can significantly lower the tracking error.

It is shown in Figs. 8, 9, and 10 that there are local min-
ima in the predicted tracking error for bD = 2a, 6a, 10« ....
Conversely, there are local maxima in the predicted tracking
error for bD = 4a, 8a, 12¢, .... Consequently, there may be
advantages in selecting paired values of front-end bandwidth
and discriminator spacing that avoid these local maxima and
seek the local minima in the acquisition and tracking process
of receivers using DET for BOC signals.

Moreover, it is shown in Figs. 8 and 9 that the minimum
tracking error for a given bandwidth occurs near bD = 2« for
b > 2a and D = 1for b < 2a, which verifies the correctness
of the quasi-optimal discriminator parameters selection rule
for a given bandwidth (23).

Although the above simulations are based on the
BOC,;,(2,1) signal and early—late code discriminator spac-
ing of A =1 - T, the following simulation results verify that
the quasi-optimal discriminator parameters selection rule
under given bandwidth (23) can be directly applied to other
BOC,;,(ak, k) signals and are applicable no matter if A, is
any other odd multiple of 7.

Figure 11 shows absolute value of a normalized relative
error between the tracking error predicted with the quasi-
optimal discriminator parameter selection rule (23) and
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the minimum tracking error predicted by the exact expres-
sion for a BOC;,(ak, k) signal for a given bandwidth when
A, =iT,,i=1,3,7. When b is small, which corresponds
to the complicated region in the receiver parameter space,
the tracking accuracy predicted using the quasi-optimal
parameter selection rule (23) is very accurate as com-
pared to the theoretical optimal. As b increases, the rela-
tive error becomes gradually smaller indicating that the
quasi-optimal discriminator parameter selection rule (23)
is more accurate for wider bandwidths. Within the entire
range of the bandwidths, the maximum relative error is
only about 16%. Therefore, in order to achieve quasi-global
optimal tracking performance under given bandwidth
using DET for BOC; (ak, k) signals, the code early—late
spacing should be set near to odd multiples of subcarrier
chip period, and the normalized early—late subcarrier dis-
criminator spacing D should set near to D,,,, = 2a/b when
b>2a and D, =1 when b < 2a. This conclusion can
provide strong guidance for the selection and optimiza-
tion of receiver parameters and thus greatly simplify the
work of the receiver designers while improving the track-
ing performance.

Conclusions and future work

We have presented the derivation and numerical evaluation
of tracking performance analysis and optimal discrimina-
tor parameters selection in white noise for limited front-end
bandwidths using DET for BOC signals processing. The
work and contribution of our discussion mainly include
three aspects.

First, the exact expression for tracking performance pre-
diction is provided to describe how well DET could perform
for given conditions that are of concerned to receiver design-
ers, e.g., receiver front-end bandwidth, early—late code dis-
criminator spacing and early—late subcarrier discriminator
spacing. It can be seen from the exact expression that the
selection of code early—late spacing significantly affects the
final tracking accuracy, and in order to achieve better track-
ing performance, the code early—late spacing should be set
near to odd multiples of the subcarrier chip period rather
than even multiples.

Second, the closed-form analytical approximation with
code early—late spacing confined to odd multiples of subcar-
rier chip period is presented since the evaluation of the exact
expression requires numerical integration. The closed-form
analytical approximation shows that there are four regions
of receiver parameter space that need to be considered sepa-
rately. These regions are defined in terms of the normalized
front-end bandwidth b, which is the ratio of the one-sided
front-end bandwidth to the spreading code rate, the normal-
ized early—late subcarrier discriminator spacing D, which

is the two-sided spacing of the subcarrier discriminator
expressed as a fraction of the subcarrier chip period, and
the BOC signal modulation order a.

The region defined by bD > 3« is referred to as spacing-
dominant, since the predicted tracking error depends primar-
ily on the subcarrier early—late spacing but not the front-
end bandwidth. The region defined by bD < @ and b > 3a
is referred to as bandwidth-dominant since the early—late
subcarrier spacing is restricted to a limited range and the
predicted tracking error is mainly determined by the front-
end bandwidth. The condition @ < bD < 3a and b > 3«
indicates a transition region between the two distinct domi-
nant cases. The region defined by b < 3a is referred to as
the complicated region, since the predicted tracking error
is complicated due to the effects of band-limiting and the
coupling relation between the code delay and subcarrier
delay dimension.

Third, a quasi-optimal discriminator parameters
selection rule for a given bandwidth is also provided
for further receiver design guidance. In order to achieve
quasi-global optimal tracking performance for a given
bandwidth using DET, the code early—late spacing
should be set near to an odd multiple of the subcarrier
chip period, and the normalized subcarrier early—late
spacing D should be set near to D = 2a/b when b > 2«
and D = 1 when b < 2a.

With the increasing interest in 2-D tracking techniques,
theoretical analysis of tracking performance using DET
for BOC signals processing is likely to take on continu-
ing importance in receiver designs. Therefore, the track-
ing performance prediction using the exact expression and
the closed-form analytical approximation presented should
both be employed to provide further guidance into receiver
designs. Additionally, the quasi-optimal discriminator
parameters a selection rule for a given bandwidth could be
used to simplify the work of the receiver designers while
improving the tracking performance. For instance, these
results can be directly applied to the unmatched tracking
mode of multiplexed BOC (MBOC), which means when
BOC(1,1) is used to track the composite BOC (CBOC)
and time-multiplexed BOC (TMBOC)-modulated signals,
and the results can provide further guidance for the param-
eter selection and optimization of the receiver design. For
future research, the 2-D tracking theory and performance
analysis of Alternative BOC (AItBOC) signals can be car-
ried out based on results presented herein. Furthermore,
multipath performance analysis and multipath mitigation
techniques with 2-D tracking loops are recommended for
future research.
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Appendix derivation of closed-form
analytical approximation expression

Considering the BOC,(ak, k) signal, assume the normalized
one-sided front-end bandwidth is wide enough to contain
two main lobes of the BOC;,(ak, k) signal spectrum, i.e.,
b > a+1. Substituting A .= 1- T, into (11) and (12), one can
obtain the normalized slope matrix

K, = ﬁ(ZSi(%zz) +i((da - 1)%;:) - Si(@a+ 1)%;:))
Ke = K

2a—1
- —£<n§] (—1)’"'”Si<m§n> - % : Si(2bzr)>
Ny (=™ @2m - 1)51(%;:(1) —da+2- 2m))>
arl =Sy em—- 1)51(%;:(1) + (o —2m))
o
(24)
Using the approximation relation (18) then (24) can be

further approximately simplified as (21). So (16) can be sim-
plified as

( 2
[24
(4a—1 ) bD > 3a
2
ar
b >3a,a < bD < 3a
Y~ { \ 26a-D(-028cos(2m+ 1)
2
(12
((;ta—pr> b>3a,bD <«
EJC+iLC EJC ECL‘
| R RuR R b <3a

(25)
Similarly, for (17) there is

—Ba+2)+ 8F<%n(D - 1))
—4F(%;:(D — (4a + 1))) - 4F<%E(D — (4o — 1)))
b2 ) +4az_l ¢, F(Sn(D —Qa—m+ 1)))

m=1
2a+1

+ Y a, -F(ml—’ﬂ:)
m=1 “

(26)

where a,, and c,, are integer coefficient, which can be elimi-
nated using the approximation relation (19). Substituting
(19) into (26), after simplification one can obtain

4_§)D+§ b>3a,bD > a
T~ Z(ZZ;I)bD2+§ b>3a,bD < a @7
¢ b < 3a
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Substituting (25) and (27) into (15), we obtain the final
closed-form analytical approximation expression (20).
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